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Abstract: We quantize the open string in an arbitrary constant magnetic field with a 
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1. Introduction and conclusions 

The construction of "phenomenological" models of particle physics based on D-branes 
embedded in supersymmetric string compactifications has become a major direction in the 
development of String Theory (for review, see for instance [1]). 

In these D-brane scenarios non-perturbative corrections arise from D-instantons and 
wrapped Euclidean branes. In principle all instantonic branes which can be consistently 
included may contribute to the low energy effective action. If the theory contains a gauge 
sector realized on D(3 + n)-branes wrapped on a cycle C, then Euclidean branes E(n — 1) 
wrapped on C correspond to the instanton sectors of the gauge theory 1 . Other Euclidean 
branes, for instance those wrapped on a cycle C ^ C, do not possess this interpretation 
and have been referred to as "exotic" or "stringy" instantons; they have been investigated 
over the last years in a rapidly growing literature (for a review, see for example [2]) . 

This interest was sparkled by the realization that exotic instantons might provide 
couplings which are forbidden in perturbation theory but necessary for phenomenological 
applications; for instance, they have been pointed out as possible sources of neutrino masses 
or of certain Yukawa couplings in GUT models . The relation of "ordinary" instantonic 
branes to the field-theoretical description of instantons in supersymmetric gauge theories 
(as reviewed, for instance, in [3]) has been clarified in detail [4, 5]. In the ordinary cases, 
the spectrum and interactions of the moduli, i.e. of the physical excitations of open strings 
with at least one end-point on the instantonic branes, reproduce the ADHM construction 
of the moduli space of gauge theory instantons. In particular, let us consider the NS sector 

1 The simplest case is represented by the D3/D(-l) system, corresponding to n — 0. 
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of the open strings with one end on the D(3 + n) and the other end on the E(n — l)-brane. 
The world-sheet condition for physical states has the form 2 

1 3 

L -- = iVx + iVv- + Ef = ' ( L1 ) 
i=i 

where Nx and are the occupation numbers for the bosonic and fermionic world-sheet 
oscillators, while the (positive) angles 27Tfj denote the twist eventually occurring in the 
three complex internal directions. In writing (1.1) we have taken into account the 1/2 
contribution to the zero-point energy from the four space-time directions, which are of 
Neumann-Dirichlet type. Ordinary E(n — l)-branes impose, in the internal space, the same 
boundary conditions as the gauge D(3+n)-branes do. All twists v l therefore vanish and the 
ground state Nx = N^ = is physical; being degenerate in the non-compact directions, 
it corresponds to the moduli Wa of the ADHM construction. These bosonic mixed moduli 
enter in an essential way in the ADHM constraints and, once these constraints are solved, 
they contain in particular the size p of the instanton solution. The instanton profile and 
its dependence on ADHM parameters can be read from the amplitude [5]. 

A„(p; w,w) = (Va, v > mixed disk = (Vt 1] V^(-p)V^) (1.2) 

exactly as the brane gravitational source profile can be read from the amplitude ([6]) 

Ku(p) = ( V h „„ > disk = ( V (P)|DP> , (1-3) 

where |Dp) is the boundary state associated to the given Dp brane. 

The main result of this paper is the generating vertexes (3.26, 3.27, 3.30) which allow 
to compute all amplitudes involving two generic twisted states. An immediate consequence 
shown in section 4 is that all three points mixed amplitudes computed in literature have 
missed a momentum dependent normalization factor 3 . This has a certain number of con- 
sequences. 

• The amplitude (1.2) reads 

Aj l (p;w,w) = i(T I y u p»fj c lllx (w„ u (r c fpwi) e"**" e -§« 2 (D"W" (1.4) 

where the missed factor is the last one with R 2 {\) = 4 In 2. As it is clear from its 
dependence on a' it does not affect much the infrared properties of the instantons and 
therefore in the non compact limit the result found in literature such as for example 
([9], [10], [11], [12]) for the non compact cases are right. 

• Would it be only for the previous case it would appear that the consequences are 
purely of principle, even if interesting. There are nevertheless cases where the addi- 
tional factor can have a certain impact. As it is clear from the previous expression 

2 In order to be explicit, we consider a toroidal orbifold situation, and assume that the branes in the 
internal space are distinguished by their relative angles or magnetizations. 

Nevertheless similar factors have appeared in four points amplitudes, see for example ([7], [8]). 
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and from eq. (4.18) the additional factor is sensitive to the transverse momenta. In 
the compact case this means that the amplitudes involving the creation of a couple 
of Kaluza-Klein scalar particles are affected: these are the amplitudes analogous to 
the fermionic ones computed in ([13]). 

• Also the action of D9/D5 ([14]) acquires higher order corrections which can be useful 
to shed further light on the non abelian Dirac-Born-Infeld action in the case of very 
strong magnetic fields. 

The paper is organized as follows. In section 2 we consider the quantization of open 
string on a generic torus with a generic constant gravitational background with a generic 
constant field strength in the Cartan subalgebra. We do not however discuss the vacuum 
of the theory in the compact case since it is not so straightforward and its use in the rest 
of the paper does not affect the main result in any way which cannot be argued about. 
In section 3 we discuss the construction of the vertexes in the old formalism where we 
describe the emission of dipole strings from a single "carrier" dicharged one. We start from 
the simplest case where the magnetic fields are only in two directions and then we derive 
the generating function of all vertexes (Sciuto - Delia Selva - Saito vertex) for the general 
case. This vertex is a generalization of the old result by Corrigan and Fairlie ([15]). We 
obtain also the corresponding emission vertex for closed string states. Using this result it 
would be interesting to compute the boundary state with two twist fields inserted using 
the technique developed in ([16]) since boundary states have found many applications such 
as and not only ([17], [6], [18], [19], [20]) (for a review see for example [21]). 

Finally in section 4 we use the formalism developed to compute various three points 
mixed amplitudes which we interpret as form factors. We justify this interpretation and 
we discuss the difference between amplitudes like D25/D25' and D25/D23 as far as zero 
modes are concerned. Finally we compute the instanton form factor (1.4). 

2. Open string in arbitrary constant background 

In this section we proceed to quantize the string on a generic torus with non factorized 
metric and generic constant magnetic field. Nevertheless we do not care of describing the 
proper vacuum for the zero modes in the compact case since it is not so straightforward to 
build ([22]) and it is not needed for the rest of the paper. Nevertheless a proper treatment 
of zero modes and Chan-Paton matrices as in ([16]) for the dipole strings is necessary to 
solve some apparent inconsistencies ([23], [28]) and correctly explain some phenomena as 
the gauge rank reduction in presence of discrete B ([24]). 

2.1 The action 

The action for the spatial compact coordinates, in the following labeled by i,j = l,...,d, 
of a bosonic string interacting with constant gravitational and 2-form backgrounds is given 
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by: 

S b uik = - Jdr daL = --L J dr ^ da [c^X'dpX 1 r, aP - B i3 e aP d a X l 8 p X j 

(2.1) 

where the world-sheet metric is r) a p = diag(— 1, 1) and e 01 = 1. We assume B and G to be 
independent of X. Notice that in flat non compact space a constant background for B can 
be always gauged to B = by in the case of closed string but not for open string while G 
can always be put in a diagonal form by a change of coordinates but we will not do this 
since we are interested in the compact case. 

We consider open strings and therefore add also an open string background consisting 
of a gauge fields describing an arbitrary field strength Fjj in the Cartan subalgebra. This 
field strength can be diagonalized in color space. Without a big loss of generality we can 
assume that Fy = i^oij'IiVo © Firij^Nn where ILv is the identity in a N dimensional color 
subspace and we have not assumed that Fq^ and F n ij commute. On this background we 
have different open string sectors: two dipole string and two dicharged ones. In particular 
of the two dicharged open strings we consider the string with the constant commuting field 
strength Fq^ on the a = boundary and F w ij on the a = ir ones 4 . The action of an 
open string in a closed toroidal string background interacting with those gauge fields is 
then given by 

S = Sbuik + Sboundary (2-2) 

where S bu i k is given in Eq. (2.1) and S boundary is equal to: 

Sboundary = —Qo J dr Aq {d T X % \ a= o + q n J drA 7T id T X 1 '\ a=7T (2.3) 
where qo and q n are the charges located at the two end-points. 
2.2 Boundary conditions 

An open string in the previous metric background given by Eij = Gij + Bij and in presence 
of a constant background field = ^a'qAFA ij (A = 0, 7r) has boundary conditions 

GijX" + {B- Fo^A^Uo = 0, GijX*' + (B - F n )ijX^\ u=n = (2.4) 

which can be written either as 



Sojid+X* - £ 0ij d-Xi\ a=0 = 0, Svjid+Xi - S nij d-X^\ a=n = (2.5) 
d-X l - Rijd+X^^o = 0, 8-X% =7r - R\ jd+Xi = (2.6) 



4 In compact directions it is also sometimes necessary to add non commuting Wilson lines, i.e. which do 
not belong to the Cartan subalgebra. These are included in the transition functions. 
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when we introduce 

£o,7r = E T + F 0t7T = G + (F 0j7r — B) = G + Jb,7r (2-7) 
and the orthogonal matrices 

which satisfy the conditions 

Ro,nG 1 Rq^ = G 1 , Rq^GRo,-* = G. (2.9) 

2.3 String quantization for a generic magnetic constant background on T ra . 

Given the boundary conditions (2.6) it is immediate to write a solution of the equation of 
motion which respects the a = ones as 

X\*,t) =4 + 5 {XLnzJir + a) + {RofjX Rnz J{r - a)) (2.10) 

The a = it boundary condition implies 5 

X Lnz J'(r + 2tt) = if, X Ln2 „/(r) (2.11) 

with 

R = R~ x Ro => RG~ 1 R T = G _1 , R T GR = G (2.12) 
To continue it is convenient to introduce the i? eigenvectors v a as 

= e^ 2 ™^, o = ±l,---±n . (2.13) 

where all eigenvectors (but one in odd dimensions) come in couples and are labeled as 

v_ a = v a = v* a , v_ a = -u a (2.14) 

with a > — > v a > 6 7 and are normalized as 

v\Gv b = v T a Gv b = 5 afi . (2.15) 

For future convenience we write also the spectral decomposition of the R and G^ 1 
matrices as 

(Gri)« = vl a , (RG-'f = J2< e~ i2 ™« vl a (2.16) 

a a 

5 Notice that in XLnzm expansion there is also the momentum and that we consider Xq only as zero 
modes. 

6 If the dimension of the space is odd we take v a = = and v a= o to be real. 

7 We use the convention that while indexes a, b label any eigenvalues c, d label those different from zero, 
i.e. v c , Vd while e, /, g label those equal to zero, i.e. v e , Vf, v g — 
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It is then possible to write the expansions for XL nzm and Xn nzm as 

a n 

X Rnzm \0 = ^(RoVaY £ K e~^ n+ ^ (2.17) 

a n 

with the understanding that when n + v a = then e ± l ( n + u °-)( = £. "We can therefore write 
the complete expansion of the string field in a way similar to the usual one as 

X>, r) = 4 + 2^ £ r) + £ a§ e (a, r) (2.18) 

a,n/n+u a ^=0 e/u e =0 

where the we have defined the eigenfunctions 8 

Ka(*, r) = I e -*("+^ (vl e -i(n+u a )a + e+ i(n+u a )a^ ? n + U a ^ 

%e(°, r)= l - {vl (r + a) + (i^)* (r - a)) , ^ e = (2.19) 
2.3.1 Completeness of the \l/ na 

We want now show that ^> l n a (a, r) form a complete basis for all functions with the same 
boundary conditions. To this purpose we define the product 9 

(X>,t),Y>,t)> = r daX**(*,T) \G (d T - d T ) + ?o S{a)-T n S(a - tt)1 Y\o,t) 

Jo L \ / J ij 

(2.20) 

It is worth noticing that this product shall also be used for the subspaces where J-q = J-^ 
and are not factorisable because of the metric. 
Let us now consider a generic field 

$>,t) = ^ + £<^>,t) (2.21) 

a, n 

and try to extract the coefficients <f>. We get immediately that 

(*on,*) = -iK{n + v a ) <\> a n n + v a ^0 

(S- 1 Gv e ,^) = TT^ u e = (2.22) 

from which we can easily extract the coefficients The analogous expressions for cj) 1 give 

(#0e,$) = -7T v\ (S n (f) + 7T T„ Vf V e = 

(S - 1 G v c , = -v\ G £- T A J 7 <j> (2.23) 



8 For the zero modes we could also use a more symmetric formulation with respect to exchanges a — ^ 
a = tv and F () -o — F„ using ^[ )e (a, r) = ^ (vl (t + a — f) + (Rov e ) 1 (r — a — -|)) but the computation 
are less straightforward and the result as complex. 

9 We take J Q da 5(a) = 1 since taking f da 8(a) = | as in [25] would not reproduce the dipole case. 
Similarly for a = tt. 
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with AJ 7 = — J-q. From the previous equations it is possible in principle to recover the 
(j> % coefficients since the equations in the last two lines are as many as the components of (j> 1 
and are independent and are therefore sufficient but the result is rather not instructive. In 
order to compute the commutation relation we resort therefore to the trick of computing 
the commutation relations among the previous quantities (2.22, 2.23) when we take $ = X 
and then extract those among the x l . 

2.3.2 Commutation relations 

Using the canonical commutation relation 

[X\a,r) , Pj(a',T)} = 18) 5 (a - a') (2.24) 

we can deduce the commutation relations (for details see appendix B) 

[a£, a b m ] =5 a +b,o 6 m + n ,o (n + v a ) n + v a , m + v n ^0 
[a e , <] =0 n + v a ± 
[x\ a c n ] =0 
[a e , a{] =0 

[xl x 3 ] = + i 2ira' J] w\\ {w\) j 

Jc 



i 2vra' ^ 

c,f/fc^0,u f =0 



wij- (wt El v f )(v\ G £- T y + {£- l Gv f )\v\ £ n u, c )l ( 



f,g/vf=Vg=0 



•Jf J 7 nV g + Y ( V f S * W c)j ( W t £ I 



it 



K g s- T y 



(2.25) 



The last commutation relations can also be rewritten in a more compact form by using the 
spectral decomposition of G^ 1 as 



[x ,x ] 



c,d/i/ c ,u d ^0 

+ i 2W Y (^Gvf) 1 v) j; v g (vl G £- T ) 



J2 ( V t £ n W C1 )— («4 El 



Vd) 



(vt g s- T y 



(2.26) 



If we introduce the decomposition 10 



(2.27) 



a 



10 Notice however that the same decomposition does not simplify the non zero modes commutation rela- 
tions as better detailed in footnote 12. 
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then all the previous non vanishing commutation relations involving xo boil down to 

[x%, oiQ f } = iV2a*5 e j 
[x e , Xq = i2na v\T^Vf 

[x c , d ] = ilTiol Yl ( v t W c,)^r- (< El v d ) (2.28) 

In the previous commutation relations and in (2.25, 2.26) new vectors {w c } appear. 
They are related the eigenvectors of AJ 7 and are an expression of the fact that xos feel 
mostly A J 7 while the other non zero modes feel AR = R n — Rq. We define therefore the 
AJ 7 eigenvectors 

(AJ^ij wi = f a Gij w{ (2.29) 
as for R, all eigenvectors (but one in odd dimensions) come in couples and are labeled as 

W-a = K, f-a = f* a = ~fa (2.30) 

and normalized as 

w a Gw b = uF a Gw b = 5 a>b (2.31) 
It is therefore possible to write the spectral decomposition of the A J 7 and G _1 matrices as 

{G -lyj = Y^W a V?_ a , &Fij = /« ( Gw -»)j ( 2 - 32 ) 

a a 

It is then possible to check that E^G ker(AR) = £~ X G ker(AR) = ker(AF). This 
happens since 

R-iv — Ro = 2£ 1 (J 7 7r — J 7 o)£ 7r 1 G = 2£ n 1 (J 7 7r — ^Fq)£ (2.33) 

therefore for any vj such that ff = 0, i.e. RoVf = R n Vf, the vector £~ 1 Gvj belongs to 
ker(AF) and similarly for G~ 1 £ 7T Wf with ff = 0. We can therefore use the £~ 1 Gvf as basis 
for ker(AJ r ) even if they are not orthogonal. This explains why they appear in the xo com- 
mutation relations. Notice finally that generically it is not true that £$ 1 G [ker(AR)] 1 - = 
[ker(AJ 7 )] ± even if they have the same dimension. 

Finally we can check what happens of the xo commutation relations in special cases. 
When ker(AJ 7 ) = 0, i.e. there are no subspaces where To = the previous commutation 
relation for the xo reduces to 

[x , xj] = i2iTa'[(F„ - Fo)- 1 }^ (2.34) 

while in the case where [ker(AJ 7 )]- L = 0, i.e. Fq = it reduces to 

[x ,x J ] = i2ira'[£~ 1 F n £- T ] ij = i2ira'Q ij (2.35) 

upon the use of the spectral decomposition of G^ 1 given in eq. (2.16). Under the 
same assumption comparing with the usual dipole string expansion we see that V 2a! p % = 
(£^ 1 G v e y Oq so that the commutation [0%, x l \ becomes \p> , x l \ = —iGw = —iQ 3 Q as 
expected. 
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2.3.3 The vacuum and the spectrum 

The vacuum of the non zero modes (here we consider only Xq as zero modes) can be defined 

as 

<|0 e , a , Q ) = a e \0 e , a , Q ) = n + u a >0 (2.36) 

Instead for the Xq we must find a maximum commuting set among themselves and also 
with «q. The xo commuting with ckq are the combinations Xq = v\ £ w xo which nevertheless 
do not commute among themselves. We can form the proper number of commuting linear 
combinations of Xq, let us call them tTco (c = 1, . . . , \dira [fcer(AJ r )]- L ) by diagonalizing at 
2x2 blocks the previous antisymmetric matrix. At the same time we get the corresponding 
"coordinates" with the usual algebra tt^ ] = i8 c ~. Finally we can define the vacuum 
for the zero modes by requiring that 

^co|O e , 6 , 0„) = c=l,...,^dim[ker(AT)] ± (2.37) 

This definition of the xo vacuum is the right one only for the non compact case since on 
the torus xos are not anymore good operators and the vacuum definition is more complex 
([22]). The spectrum is then given by 

oo 

HI[(<*- n ) Nna \k e ,Kc,O a ) (2-38) 

a n=l 

with normalization 

(k' e ,4,0 a \k e ,K £ ,0 a ) = (2n) d 5 dimker ^)(k> e - fc e )<5 dim ( fe -( A ^) X (4 _ Ke) (2 .3 9) 

It is worth stressing that also in half the "twisted" directions there is a "momentum" Kg 
since in the non compact case there is still a translational invariance roughly because it is 
possible to choose a gauge where Fq — is derived from a potential depending on only 
half the number of coordinates. While this choice is still possible in the compact case 
the transition functions associated to the gauge bundle break this remaining translational 
invariance and we are left with a finite Landau levels degeneracy. Notice however that this 
Kc is not a true momentum since it does not appear in the Hamiltonian and it is actually 
a label for the degeneration. Another way of saying this is that the choice of using 7Tg as 
annihilators is completely arbitrary and we could and well have chosen a mixture of TTco 
and £q or anv other possible combination of commuting operators. 

2.3.4 Energy momentum tensor 

We can now compute the energy momentum tensor to be 11 

T = -^-d + X T Gd + X = -J-d + XlGd + X L = y L n e~ in ^ 



2 

a 



Yj '■ a n~k®k a : +<Wa(l - "a) 



fc 



(2.40) 



Remember that the extra term is due to the presence of a subleading singularity in the double derivative 
of the propagators. 
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It is interesting to notice that the shift can be understood as due to representing the dipolc 
energy momentum tensor in the dicharged string as explained in section 3.3. 



2.3.5 OPEs 

The basic OPE for the non zero modes is given by (z = e TE+la ) 

X Lnzm ^ + \z) X Lnzm *-\w) = -2a'J2<9-v a (j) v!_ a \z\ > \w\ (2.41) 

a 

where we have defined the "propagator" as 

g Va (z) = - ^ zH ~ Ua N < 1 ' ~ n < ar 9( z ) < n ( 2 - 42 ) 

n-u a >0 71 V(L 

From the previous basic OPE we can derive all the others such as for example 12 

X Lnzm ^\z) X Rnzm ^-\w) = -2a'Y,< 9-u a (-) (R v-a) j (2.43) 



a 



2.3.6 operator 

It is also possible to define the Q operator which exchanges the string boundaries and there- 
fore maps a string X with boundary field strength (To, ^v) into a (generically different) 
string X with boundary field strength [Tq = —J-^,J-^ = —Tq). The minus sign is due to 
the orientation of the boundaries. Starting from the expected relation 

Sll^r)!] 4 =X(ir-a,r) (2.44) 

and the consequences of the relation between T and T 

d a = R v a e inUa (2.45) 
(no sum over a in the last equation) we find that the O action on the operators is given by 

na^n- 1 = (-) n a a n 

nxott' 1 = x + V2^TT 1 ~ 2 R ° v f a f (2.46) 
3. Vertexes and the SDS vertex 

In order to explain the derivation in a simple setting we start considering the tachyonic 
vertexes on M. 2 with coordinates (x 1 ^ 2 ). We consider only two magnetized branes with 
different magnetization, i.e. fo = (F — _B) 12 and f n = (F n — B) 12 so the gauge group is 
U(2) and the dicharged string describes the matter in the bifundamental. 



12 These OPEs and the zero modes commutation relations show why it is difficult to define in a unique way 
well adapted coordinates: in fact the operators with the simplest relations are Xq = v^S-^xo , XLnzm a {z) = 
v\GX Lnzm {z) and X Rnzm a (z) = v\G£q T £oX Rnzm {z). 
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In this formalism ( [26] ) we have a carrier string which is the dicharged string coupled to 
the two different magnetic fields. From this dicharged string we then describe the emission 
of the dipole strings from the two boundaries. Exactly as in the old superstring formalism 
where it was natural to describe the emission of NS states from a R string. Differently 
from the emission of NS states from a R string we have here two non equivalent boundaries 
and therefore we can emit states of two different dipole strings. 

To give the complete picture is also important to describe the coupling of the dicharged 
string with the closed string: it turns out that it is exactly this coupling which constrains 
how the splitting in left and right zero modes happens. 

We start writing the tachyonic vertexes explicitly, then we give the arguments that lead 
to their expressions and we construct the generator of all vertexes, i.e. the Sciuto-Della 
Selva-Saito vertex. Finally we discuss all the consistency requests we expect these vertexes 
must satisfy. 

3.1 The tachyonic vertexes for U(l) x U(l) on R 2 

In the following we work with flat complex coordinates but we do not denote this explicitly 
while in appendix D we are more pedantic and denote the flat vectors explicitly by an 
underline: for examples the magnetic field in flat coordinates f = (Fq — -B)i2/V det G 
wil be written as fo- The part of the tachyonic vertexes associated with the two twisted 
directions for the emission of a tachyonic dipole string excitation from the a = 0, a = tt 
boundary and for the closed string tachyon read 

V To (x, k) oce -§fl 2 MAo(fc) a .-A (fc) . e i(kZ(x,x)+kZ(x,x)) . (31) 

V T „(y,k) oc e -^ 2 HA.W| y |-A.(fc) . e i(kz(y,y)+kz(y,y)) . (3 2) 

W Tc (z,z,k L ,k R ) oce-^HAc^-Acfe) . e i(k L z L (z)+k L z L (z)) . 

e -±R 2 (u)A c (k R )--A c (k R ) . e i(k R Z R (z)+kZ R (z)) . (33) 



where we have introduced the (partial) conformal dimensions 

A (fe) = 2a cos 2 70 kk, A 7r (/c) = 2a cos 2 7^ kk, A c (k) = 2a kk (3.4) 



with the complex momentum given by k = (fci+i/^Vv^ and with e %10 < n = (l+ifo )7r )/y 1 + fo „■■ 
We have also defined the positive constant (for < v < 1 the positiveness follows from the 
ip representation given in eq.(C.ll)) 

\r 2 (v) = ~\m - ») + il>(y) - 2^(1)) (3-5) 

where v = I70 — ^nl/^ and tp(z) = ^J}^ is the digamma function. The normal ordering 
is then better defined splitting zero and non zero modes and it amounts to 

. e i(kZ(x,x)+kZ(x,x)) ._ . e icosy (ke^'0 Z Lnzm (x)+ke-'^0 Z Lnzm (x)) . e i(kz Q +kz ) 

■ e i{kZ{y,y)+kZ{y,y)) ._ . & i cos ^ (ke^ Z L nzm (y)+ke- i ^ Z L nzm {y)) . e i(kz +kz ) ^g-j 
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for open string vertexes and to 

. e i(k L Z L {z)+k L Z L {z)) 
. e i{k R Z L (z)+k R Z L {z)) 

for the closed string one. In the previous definition of the normal ordering for the closed 
string vertex we introduced the left and right zero modes zlo,zro. The computation 
given in the next subsection is independent on this splitting since in the Z, Z expansion 
there are no momentum operators which could be sensitive to this splitting as it happens 
also whenever kerAJ 7 = 0. The splitting can nevertheless determined by requiring that 
two closed string vertexes (3.3) have the same OPE as the usual ones which is one of 
the consistency requirements we write down in section 3.4 and we verify in appendix F. 
Therefore here we can simply state the result 

zlq = (1 + iU)zo, zro = (1 - if^zo. (3.8) 
3.1.1 Heuristic derivation of the vertexes. 

To derive heuristically the previous vertexes we use the same approach used in ([27]). The 
idea is to define the vertex for the emission of a dipole state from the dicharged string 
starting from a regularized version of the naive vertex, then eliminate the divergence by 
dividing it by the normalization required by the emission vertex of the same state from the 
corresponding dipole string and finally let the cutoff used to regularize the vertex to zero. 

We start by writing the regularized version of the naive emission vertex for the dipole 
tachyon from the a = boundary of the dicharged string. The dipole tachyon is emitted 
from the dicharged string and the not normal-ordered but point splitted emission operator 
can be written as 

[V To (X, k)] p s =e i[h {xe ~ V > xe ~ r ')+ zi+) (*>*))+* (^-'(xe- Ve-")+Z<+> (x,x))] (3 9) 

Using the boundary conditions this expression can be rewritten as 

= exp{icosjo[ke i ^(Z Lnz J- ) (xe- v ) + Z Lnz J +) (x)) 

+ ke-^iZ^Jxe-V) + 4 + n L(z))]} jfrt+Ho) (3.10) 

where r\ > and, as usual, ZL nzm ^ is the part of the field ZL nzm containing the creator 
operators with the exclusion of the zero modes zq,zq. It is then immediate to rewrite the 
previous expression as a normal-ordered one 

[Vr (x,k)]p.s. =exp{cos 2 7o a kk (g e {e~ v ) + g- e (e~ n ))} 

: exp jzcos7o[fee no (Z Lnzm ( " ) (:re" ,? ) + Z Lnzm ^ + \x)) 

+ ke-^(z[t m (xe^) + 4tl>))] } = 

e i(kz +kz ) ^3 

where we have used the "propagator" g e (z) defined in eq. (2.42). 



._ . J(k L Z Lnzm (z)+k L Z L (z)) . e i(k L z L0 +k L z L0 ) 

._ . e i(k R Z Lnzm (z)+k R Z Lnzm {z)) . e i(k R z R0 +k R z R0 ) (3 7) 



- 13 - 



We want now to eliminate the divergence which appears as r] — > + and we want to do 
this by comparing with the analogous procedure we can follow for the usual emission vertex 
from the dipole "carrier" string in order to subtract as little as possible. Let us therefore 
perform the same operations as above on the usual vertex operator which describes the 
emission of the same dipole tachyon from the corresponding dipole string. This dipole 
string is described by and Z^ and has the tachyon itself we are emitting among the 
excitations. If we start from the analogous expression of (3.10) where we use Z(°) and m 
in place of Z and Z we find 

[V^\x,k)] p , s , =exp{cos 2 7o a' kk (2g (e^) + 21nx)} 

: exp {icos7o[fee^(Z Ln^m ( '-)(xe- , ') + Z Lnz J°' + \x)) 

Dividing this point splitted expression for the non-operatorial factor in the first line 

Afo(rj) = exp {cos 2 70 ol kk (2g (e~ v ) + 2 In a;)} (3.13) 

we get a regularized vertex and letting rj — > + we recover the usual vertex operator for 
the emission from the dipole string 

Y$\x,k) = lim A/" -1 (77) [vjP (x, k)]p. s . (3.14) 

It is worth stressing that the zero modes and z^ do not give any contribution even if 
they do commute between themselves because they are not split into different exponentials 
and that the factor cos 2 70 comes from rewriting the vertex using the left moving part only. 

If we divide the vertex operator (3.11) for the same factor written in the first line of 
eq. (3.12) we can still take the 77 — > + since the two dimensional UV divergences are the 
same and the result is exactly the vertex given in eq. (3.1) 

V To (x,k)= lim .AT- 1 ( V )[V To (x,k)] p . a . (3.15) 

r;-s>0+ 

For the emission vertex from the a = it boundary the same procedure works: the 
regularized normal-ordered vertex written in term of the untwisted fields Z^ n \y,y) and 
ZW(y,j/) must be divided by the product of the non-operatorial factor e cos27() a ' kk ( 2 9o(^)+^\y\) 
in order to give the usual emission vertex. Another way of getting this result is to use the 
twist operator U. 

For the closed string we proceed again as before and we compare with the usual emission 
vertex expressed through the closed string fields Z^ and Z^ where the zero modes are 
treated as they were independent. The normalization factor is easily computed to be 

exp {a' k L k L (2g (e- v ) + 2lnz)}exp{a' k R k R ^(e^) + 2\nz) } (3.16) 

We are however left with the problem of how to split the zero modes zq and zq into left 
and right zero modes zql, zqr. As stated before and verified in appendix F the splitting 
can determined by requiring that two closed string vertexes (3.3) have the same OPE as 
the usual ones. 
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3.2 The SDS vertex and the generic vertex. 

We want now to reproduce the steps done in the previous section for all vertexes at once: 
this can be done using a generator functional of the vertexes. 

Following the spirit of the Sciuto-Della Selva-Saito approach we define a generator 
functional for the vertexes describing the emission of dipole states from the a = boundary 
of the dicharged string. The idea can be illustrated by an example. Consider the vertex 
which describes the fluctuations of the gauge vector around the dipole string background 
expressed in the dipole string fields , we can derive it from a generating functional for 
the dipole string as 

<- <- 

V (0) (x;e,k) = e l d x X\ Q) (x,x)e lk ^ {x ' x) = S m (c,x) e—e"^^ (3.17) 

where we have introduced the generating vertex 

S {0)0 (c,x) =: e E « CliW 9 * x h)^ : (3.18) 

and the derivative d x acts on both the left moving and right moving part. Then it is natural 
to assume that we can derive the emission vertex for the same state from the dicharged 
string as 

<- «- 

V(x;e,k) = S (c,x) ti^—e^ 1 ^ (3.19) 



dci 



c=0 



where So(c,x) can be derived by regularizing the analogous for the dicharged string of the 
generating vertex S^ (c,x) as done in the previous section for the tachyonic vertex. We 
write therefore 

[S (c,x)] p . s . = e^=o c l fl*[X(->(*e-",*e-'») + X(+)(* 1 *)] 

= eE^o^ 1 ^ d k [X Lnzm (-\xe-i)+X Lnzm M{x)]+clx (3 2Q ) 

where to write the last line we used the boundary conditions which allow to write 

X(x,x) = x -\ - — X Lnzm (x) = x + S^GXin^x) (3.21) 

with x G M + . We can then deduce the final expression by first normal ordering and then 
dividing by the regularization factor the previous expression 

S (c,x)= lim 7V (c,?7) [S (c, x)] p . s . 

00 

= exp { - a' ^ °k £ o 1 Gv c v\ G£ T q d k u \ u=x d[ \ v=x A c (u/v) } 

k,l=0 c/v c ^0 
00 

exp{+a'Y J E cl8^Gv c v\G8^ T c t 8 l x log(x)} 

/=0 c/v c ^0 

: eEfcft^G d k x Lnzm (x)+cJ ) x . (3.22) 
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where the last line can also be written as : e^k c k 9 x(x,x) ■ anc [ j n the normal ordering the 
xq zero modes are not splitted. We have also defined the function 

A a (u/v) =g- Va (u/v) - go(u/v) = g^ Pa (u/v) - ln(l -u/v) (3.23) 

which near u = v can be expanded as 

a{ +v) -\Hi- kl) - m - Wa\v + + o(, 3 ) Va < o (3 - 24) 

The true Sciuto - della Selva-Saito is then obtained by representing the algebra [cj^ 1 , 

Sj 5k lt k2 on the dipole string Fock space. We introduce therefore the dipole string Fock 
space %( ) then we make the identifications 13 



i a \o)k 



1 -> (x (0) =0|<0 ( o)|, Cki^ 77 = K k ; So 



— _ -iV2*(k - 1)! (£ Q l G))a\ Q) _ k ~ a fe x; -^(x,x)U =0 (3.25) 
with [a(o) n > a (o)m] = n ^ fim+n,o so that after the substitution we get explicitly 
S (x) = <s (0 ) = 0|(0 (0) | exp {I f; £ a l) k Gv c v\Ga m 3jp ^ A c (u/v)} 

k,l=0c/u c ^0 
Z=0 c/i/ c7 ^0 

^feSrfo)* 9 fe X(x,x)} : (3.26) 

In a similar way we can compute the Sciuto della Selva-Saito vertex for the emission of 
a = 7r dipole strings with the help of (y < 0) 

X(y,y) = x + £^ 1 GX Lnzm (y) - V2a i irR n ^ v f a f 

f/"f=0 

as 

5.( y )=(x W = 0|(0 w |exp{if; £ a UkGv c vtGa {n)l ^^^A c (uM} 

k,l=0c/u c ^0 

exp {~2^ ^ a fn)o Gv c v\Ga (n) i -j- log(|y|)} 

1=0 c/u c ^0 



13 In the following we will also use a' n = ^2 a v l a a£ with [a^a^] = J2 a v a( n + "a)" 3 - a L+n,o- In 
the pure dipole string these a z n ^ satisfy [Q( ) n , a ( ) m ] ~ nG lJ 5 m +n,o and are related to the usual 
operators & % n , defined in the appendix D, as a n (o) = G~ 1 £o& n - Moreover we find [x}),a J n ^] = 
i\/2a'(£ ~ 1 ) 1: > => a n(o) ex.p(ikiXo)\0) = \/2a'(£ ~ 1 k) : > exp(ifc;a;o)|0} and similarly a J n ^ exp(ifc,Xo)|0) = 
^/2a!{£-^ky exp(ifci4)|0). 
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where the auxiliary Fock space is associated with the a = ir dipole Fock space and 
hence in principle different from the a = auxiliary Fock space. The last line can also be 
rewritten as : ^ k ET a M* £ * 9 x ^ y ' v ^ : so that we immediately see that QSq(x) ft^ 1 = 

S w (y) where S 7T (y) is the SDS vertex associated to the emission from the a = tt boundary 
of the dicharged string with magnetic field strength [Tq = —T^^JF^ = — Tq). 

The corresponding closed string emission vertex can be written as generating function 

as 

oo 

S(cl,cr,z,z) =exp| -a ^ ^ c[ k v c v\ c Lt d\\ u=z di\ v=z A c (u/v)} 

k,l=0c/v c ^0 



oo 

exp | + a' ^2 Yl c lo v c v\ c Ll d[ log(^)} 



=0 c/uc^O 
oo 

exp | - a ^ ^2 CRk R o v c vIRq cri d k \ u=z & v \ v =z A c (u/u)| 

k,l=0 cjv c ^0 
oo 

expj + a'^ ^2 CrqRq v c v\RqCri d\ log(z)} 

1 = C/V C ^0 

■ e T.k c lk d k X Lnzm (z)+cl Q G- 1 £^x . . e J2k c R k 9 k X Iinzm (z)+cJ t0 G- 1 €^ x . 

(3.28) 

up to a cocycle discussed and determined for the closed string tachyon in appedix F. Upon 
the identifications with the usual closed string operators 

j 

1 a 

l->(x L = 0\{0 L \, c Lki ^ Lf Gij 

V 2a Ki 

4- 

9_ ^ _ iv ^7 (fc _ 1)[a l_ k „ d"X<-»(z)\ z=0 (3.29) 

OCLik 

and analogously for the right modes the true SDS reads 
S(z,z) = (x L = 0\(0 L \ exp {if] J2 al k Gv c viGa Ll ^^^pMu/v)} 

k,l=0c/u c ^0 

( 1 °° d l i 

eXP {~2^ S a L0 Gv c 4 Ga Ll -f log(z)j 



1=0 c/y c ^0 
1 °° 1 1 

: exp r~^=T -n a Lk d k X Lnzm {z) + i-=al S n x \ : 
L y 2a k=0 ki y 2a } 



(x i? = 0|(0 i? |ex P {i jr ^ a LGi?o« c 4^GaH/^r AcWv) } 

k,l=0c/u c ^0 

exp {~ 2^ ^ a T R0 GRQV c v\RlGa Rl -± log(f)j 

Z=0 c/^0 

1 °° 1 1 

: 6XP ^ fc! a ^ fc d k X Rnzm (z) + ^T/Iq^^ ^ } 1 ^ 3 ' 3 °^ 

fc=0 
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It is worth stressing that the splitting of zero modes xo in left xol = G~ 1 £ 7V xo and right 
X 0R = G~ 1 £^xo parts is dictated by the request that the OPE of two of the previous 
vertexes reproduces the usual OPE (see appendix F ) . 

3.3 Examples of vertexes 

We can now put at work the results of the previous section. In this section we write only 
the part of the vertex in the twisted directions. We start with simplest case, i.e. the 
tachyonic vertex from the a = boundary 

V {0)To (x, k) =: e ikiX (°) {x > x) : V (0)Tq (0, fc)|0 (o) ) = |fc (0) ) (3.31) 

so we can compute the emission vertex of the same tachyon from the dicharged string as 

V To (x,k) =S {x)\k { Q- ) ) 

=e a't i (£ - 1 Gti c ) i (vtGE^ykj A c (l) 



X 



. ( J,kiX l {x,x) . 



(3.32) 



which reduces to eq. (3.1) when we consider the dicharged string on M 2 . In a similar way 
we get the tachyonic vertex from the a = it boundary 



Vr„(y,k) =S 7T (y)\k M 
~-e 



^a'kiiE^GvoY {vtGE^ykj A c (l) 



lv|- 



. gikiX^y^) . 



(3.33) 



which differs from the a = one also because it depends on £ n in stead of So. 

As a second example we consider the fluctuations of the gauge fields. This result will 
be used later when we compute the instanton form factor. The dipole state associated with 
the emission of this fluctuation is 



Vr \j^(x,e,k) =: tjdX 3 (x, x) e 



ikj.X^Q^(x,x) < 



V (0)A (0,e,k)\0 



(o)) = -iV2rtej(£ 1 G) J l a\ 0) _ 1 \k( 0) ) 



*(0)- 

(3.34) 



so we get the emission vertex from the dicharged string as 



V A (x,e,k) =S (x) -iV2a'ej(£ G)V(o)-il^(0)) 
=e a'fe i [£ - 1 G^ c viGE^kj A c (l) 



ejdX^x, x) + ia' 2 ^ Vc) + Vc) ki [£ l Gv c v\ GS ~ T ] ij e 3 



a ik T X(x,x) . 



(3.35) 
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where 9{x) = 1 for x > and otherwise is the Heaviside function. Obviously the same 
result can be obtained computing (3.19) using the S(c, x) expression given in eq. (3.22). 
The previous vertex can also be rewritten in a different way by splitting the last term into 
symmetric and antisymmetric part as 

V A (x,e,k) =e a ' kT£ o 1 Gv c vtG£ - T k A c (l) 

-a'k T S^ 1 Gv c vtG€o T k 



X 

ik T X(x,x) 



e T dX(x,x) +ia'^-k T £q 1 Gv c v\ G£ t e + a'^-k T Q vect e 



e 



(3.36) 



where & vec t = — ©« e ct = * S c >o(l ~~ 2|f c |)£ ~ 1 G' (v c v\ — V- C v^_ c ) G£q T and we cannot use 
the spectral decomposition of in the symmetric part since {v c } do not generically form 
a basis. 

Another interesting example is the energy momentum tensor. It is a descendant of the 
unity l(o) of the dipole string and therefore it can be computed as 

T(0)i (x) = -— : d x Xl {0) Gd x X m : 

=> T (0)1 () (°)I°)(0) = ^ a (0)-l G '«(0)-l|0)(0) 

=► T ioW = Mx) 2 a fo)-i G «(o)-i|0)( ) 

= ~d x XlGd x X L + ^ d u \ u=x d v \ v=x A c (u/v) (3.37) 

c/i/c^0 

On the other side the energy momentum tensor of the dicharged string T{z) has exactly the 
same OPEs with all the dipole string vertexes in dicharged string formalism and therefore 
we can identify on the boundary T(x) = T^i (x) and analogously for the a = it dipole 
string T(y) = T(~\i n {y) [y < 0). Therefore we recover the dicharged string energy momen- 
tum (2.40) when we rewrite the second addend as —-^i S c >o(^c(l) + A' c '(l) + A'_ c (l) + 

A -c(l))=+^E c >0^(l-^). 

3.4 Consistency conditions for the vertexes. 

We have constructed the SDS vertexes and some explicit examples of vertexes which can 
be computed from it. We have now ready to state the consistency conditions we expect 
to be satisfied by the proposed vertexes in order to be identified with the proper emission 
vertexes of the dipole string states from the dicharged string: 

1. open string vertexes have well defined conformal transformations; 

2. closed string vertexes has well defined conformal transformations; 

3. open string vertexes on the opposite boundaries commute; 

4. open string emission vertexes commutes with the closed string vertexes; 
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5. the OPE of two open string vertexes for the emission of dipole states from the a = 
boundary of the dicharged string must have the same coefficients of the OPE of the 
corresponding open string vertexes for the emission of the same dipole states from 
the a = boundary of the dipole string when we properly map the vertexes; 

6. the same is true for the emission of dipole states from the a = it boundary; 

7. in a similar way the OPE of two closed string vertexes in open string formalism must 
reproduce the result in the closed string formalism. 

Details on how to check the previous constraints are given in appendix F. Here we limit 
ourselves to some comments. 

• Constraints (1-2) are actually a consequence of (5-7) since we have shown that 
the dicharged energy-momentum tensor can be identified with the dipole energy- 
momentum tensor. In any case because in the generic OPE 

™, \ t /■ / \ A V(w) dViw) 

T{z)V{w) = 4£ + r -Mr + reg 3.38 

(z — w) z (z — w) 

there is the derivative of V from constraints (1-2) we can test the presence of terms 
like x~ A in the vertex nevertheless the purely numerical normalization factors like 
e «5( e )A (fc) cannot be tested. 

• The constraints (3-4) check the operatorial structure of vertexes only. 

• The constraints (5-7) check both the operatorial and the non-operatorial structure of 
the vertexes. 



4. Stringy form factors 

We are now ready to use the previously developed machinery to do some amplitude com- 
putations. 

4.1 Tachyonic form factor on M 2 

As a warming up we consider the tachyonic profile of the D25/D25' bound state where the 
first D25 has a background field strength (i*b) 12 switched on and the second (-F 1 7r )i2- The 
amplitude we consider can be written in the usual CFT formalism as 

A = Co{u)Mo(u) 2 Mo{Fo) 0^25725(^1; ^ A) V T 2*o{x 2 \ k M )V T 2 5 /25'(. x 3;Pn,K) ) (4.1) 

where Cq(u) is the normalization of the mixed amplitude, A/o(^) is the normalization of the 
dicharged vertex, No(Fq) is the normalization of the dipole vertex and \i = 0, 3, . . . D — 1, 
M = = 0, . . . D — 1. The dicharged vertex for the tachyon with momentum 

(fi 7^ 1, 2), polaritazion t(p M , k) is given by 

VttsMxw, «) = t(p„ k) c(x) A VtK {x) e*" x "(*>*> (4.2) 



- 20 - 



with a'pi + v(\ — v) = 1 and where we have introduced the family of twist fields A UjK (x) 
parametrized by k. The reason of introducing this family is that the vacuum is degenerate 
and labeled by k (which we can identify with the "momentum" in direction 2) as in eq. 
(2.38) but it is not possible to account for this degeneracy introducing a factor e tKx2 in 
the vertex because it would change the conformal dimension. The dipole vertex with 
polarization T(/c^) and momentum k>M = (k^, k{) (M = 0, . . . D — 1, i = 1, 2) is given as 
usual by 

Vt 25 (x; k M ) = T{k M ) c(x) e« k * lM M (4.3) 

with oKk 2 ^ + Q^kikj) = 1. The computation is straightforward for all correlators but the 
three point correlator 

(A_„ )A (a;i) e l * X2 > x * A„, K (x 3 )) = A(ki) {1 _ v) _ A(ki) {1 _ v) _ A{ki) (4-4) 

x 12 x 13 x 23 

which is completely fixed by conformal invariance up to the constant C. In the previous 
expression A(ki) = a'Q^kikj is the conformal dimension of e lktX ^ X2 ' X2 \ To fix the constant 
C we take the limit x 3 — > 0, x\ — > 00 and we get 

lim xr (1 - v) (A_^(xi) e ik ^ x ^ A v , K (x 3 )) = ^ 

X3— tO.Xl— »00 rr ^ % > 

= (0,,-A|e^ R2 MAfe) x -A(^) e ^)(- 2 ^)| 0!/)K) 

= e -lR*(v)A( ki ) X -A( ki ) ( _ A | e *4| K ) 

= e -^»A(fc*) X -Hki) e -w fcita e% charged e ikiK 27rS (k 2 + k + A) (4.5) 

with ii? 2 (^) = — (A c= i(l) + A c= _i(l)) and where the result of the last line is due to the 
fact that the correlator boils down to a quantum mechanical computation for the Landau 
level theory with ©^charged = ((^v — J^o) 1 ) 12 ■ This result can seem quite strange since it 
involves k\ and k 2 in an asymmetric way. The reason is that we started with the vacuum 
annihilated by xj but we could as well have started with a vacuum annihilated by any 
linear combination of xj and x\. In particular choosing the vacuum annihilated by x\ 
would reverse the role of the two directions. 
Putting all together we get the amplitude 

A =Co(v)Ar (is) 2 Ar (Fo) (2tt) d ~ 2 5 d - 2 ( Pii + k fl + g „) 2n5(k 2 + « + A) 

t(p„, k) t{ qiM A) T(k M ) e- ina ' klk20 ^ a e d e iki* e -\R 2 (.i>WGlik lk] (4>6) 

where the last term can be interpreted as form factor of the twisted matter. One could 
doubt about this interpretation because if we had computed the amplitude with two dipole 
tachyons with momenta k and I each vertex would yield e~? R ( u ) a 'S J k lkj anc j e - 5 -R {v)a'g^klilj 
respectively which is not the expected factor e~z R ( u ) a 'G J (k+i) t (k+i)j _ Nevertheless this fac- 
tor is what one gets when factorizing in the dipole string channel because of OPEs. 

Let us now discuss the tachyonic profile of a D25/D23 system. We start considering 
the D25 with a vanishing background field strength (i*b) 12 an d with zero Kalb-Ramond 
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B\2 = so that v = 2- Nevertheless this system cannot be obtained taking the (F w )i2 — > oo 
limit rigorously. In fact taking naively this limit we expect the same infinite degeneration 
of the D25/D25' case and this expectation is generically true unless we both choose v = \ 
and consider the D25/D23 configuration from the beginning in a compact space on which 
we take the decompactification limit. To understand this point it is necessary to start 
with a compactified version of the theory on R°- 2 x T 2 and either construct explicitly the 
vacuum or more intuitively take a T-duality and end with a D24/D24' system. In this 
T-dual version we expect that the two D24 meet only once, i.e. that the first Chern class 
be c\ = 1 but c\ = 1 of more generically c\ finite cannot be true on a space with arbitrary 
large volume. A naive way of seeing this is to notice that c\ oc (Fq — i ? vr )i2 vol(T 2 ) so 
that c\ cannot stay finite when vol(T 2 ) — > oo with non vanishing Fq — F n . Another way of 
getting the same result in a slightly more general case with non vanishing B\i is to realize 
that if we require v = ^ we must have {Fq — B)i2(F n — B)\2 = — detG which allows a 
solution for B\2 only when (Fo — F n ) 2 2 > 4 det G. This last equation can be rewritten 

2 

as (jy^ yi > 4 detG (Nq,N w arbitrary number of D24 and D24* which can be obtained 
by T-duality) in a compact space so we cannot take the decompactification limit unless 
we take c\ — > oo at the same time. This is exactly the same result we get by taking the 
(-Ftt)i2 oo naively. The only way to get the vacuum degeneration c\ = 1 (or finite) in 
the non compact case is to start already from a D25/D23 system. Even if we start from 
a system D25/D23 with B\2 = and a non vanishing background field strength (Fo)i2 
on a compact space and we perform a T-duality to get a D25/D25' system the volume of 
the T 2 on which this latter system lives is bounded as detG < \ and so we cannot take 
the decompactification limit. Explained this point if we assume c\ = 1 and to take the 
decompactification limit in the proper way then the zero modes correlator gives 

(\ = 0,yo\e ikiX °\K = 0,y o ) = e iki y° (4.7) 

where A = k = is the only possible value of the vacuum degeneration label and dq is 
the Wilson line which appears as background only for compact spaces. Notice that the 
previous state with c\ = 1 (or finite) is the analogous of a momentum eigenstate with 
discrete momentum while the one entering the spectrum in eq. (2.38) is analogous to one 
with continuum momentum and so the two are connected as 

I A) 'continuum ^/2~KC\\ X) discrete (4-$) 

where c\ plays the role of the radius. The same kind of issue in defining the lower dimen- 
sional brane vacuum is present also for the dipole string ([29], [30]). Finally we can write 
the amplitude for the D25/D23 case as 

A = C (vWo(v) 2 N (F ) (27r) D - 2 5 D - 2 (p u + k n + q u )t(p u ) t(q u ) T(k M ) e ik ^ e "^>K 

(4.9) 

with ttu = ^ — arctg (f o / \J det G^i ) and where the dicharged tachyon polarizations now 
depend only on the momenta and not on the parameter labeling the infinite degeneracy of 
the Landau levels in the non compact case. 
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4.2 Electromagnetic form factor on M 2 

Let us now consider the electromagnetic profile of the D25/D25' matter which can be 
computed by the correlator 

A = C (u)M (u) 2 M (F ) (V T25 /25'(xi;q^,X) V A 2 5 (x2;kM,e M )V T 25>/25(x3;P f i,K) ) (4.10) 

where the dipole vertex is given as usual by 

V A 2 5 (x;k M ,e) = e N (k M ) c(x)dX N (x,x)e ik ^ xM ^ (4.11) 

with a'(k 2 + Gq kikj) = + tiQ^kj = 0. The computation is again straightforward for 
all correlators but the three points correlator 

(A ^(r^) BXHto r^JkrXHx?^) A I \\ _ C(x 1 ,x 2 ,x 3 ) 

\i±-„,\[Xl) OA. (X 2 ,X 2 )e ^ K (X 3 )) - A(fei)+1 ^(i-^-A^)-! A(fci)+1 

x 12 x 13 x 23 
= a^ui 7 , 1^ r£htt *-** {v)Hhi) e " W ^ & ^ har9ed ^ 2 ^ 2 + K + A ) 

A(fci)+1 i/(l-i/)-A(fci)-l A(fei)+1 v z ' 

x 12 x 13 x 23 

(4.12) 

with 0t, ec t = (1 — 2\i>i\)£q 1 G ^ ^ J j G£q T . The previous correlator is not fixed in the 

functional dependence on x by conformal invariance since dX 1 (x2, x2)e ikiX% ^ X2,X2 ^ is not a 
good conformal operator because of the cubic pole with the energy-momentum tensor. We 
can fix this correlator by first taking the limit 

lim xf- u) (A^ x ( Xl ) dXi{x2,x 2 y kiXi{ - x ^ A UK (x 3 )) = 

£3— »0,:ri — >oo 



= <0„, _A|e-5 fla M A ( fc ') a :J A(fci) e <fciX W (x2 ' a!2) (dX* (x 2 ,x 2 ) + ia' G ° +i@ ™ ct k l ) \0„, «) 
= e -i R2 W A ^) * 2 A(fel) - 1 a' (< - 9^ ct ) ^ (-\\e ik ^\ K ) 

= e-^^ xJ A(fci)_1 e" W fclfc2 e *«*.r fl «d _ ^ ect ) fc, e lfclK 27r<5(fc 2 + « + A) 

(4.13) 

then computing the amplitude in this limit 



lim = C (u)Af (u) 2 Af (F ) ^Trf^S ' 2 ^ + k„ + g„) 2Tr5(k 2 + k + A) 

si— >oo, 2:3— »0 

(-ia')t(p^K) t(q^,X) \e^k M ){p»- q »)-ie 3 {k M )® j Ltki\ e^™' k ^ e ^ ged e «i« e -|i?Ma'0«fc i fc J - 

(4.14) 

and finally reconstructing the correlator such that it reproduces this amplitude without 
taking the X3 — > 0, x\ — > 00 limit. 

Again the D25/D23 amplitude is slightly different because of zero modes and reads 

A = Co(v)No(v) 2 No(F ) (2tt) d - 2 5 d - 2 ( P ^ + k^ + 

(-ia')t(p^) tfo) L(M (P M - qn - iej(k M ) 6^1 e ik ^ e -\#W<% Mi (4.15) 



- 23 - 



4.3 Electromagnetic form factor on M d 

We want to to generalize the previous computation to M. d with dx = dim fcer(AJ r ). The 
first issue is to write the tachyonic dicharged vertex. It is not completely trivial since we 
can immediately write 

^T25/25'(z;Pa».P/.k) = *(?V.P/>») < x ) A^(x)e^ x ^^f xf ^ (4.16) 

but then we have to specify what X*(x,x) is. There are at least three possibilities 
VfGX(x, x), v^SqX (x , x) and v^£ 7T X(x,x). By comparing with the state \pf) = e ip f x o\0) 
and its dimension Lob/) = ' PfP-f\Pf)i ^ turns out that 

X f (x, x) = v f £ n X(x, x). (4.17) 

In the previous vertex (4.16) v and k are now ^dim ker(AJ r )- L = ^(d — dx) dimensional 
vectors which label the Landau levels "frequencies" and their degeneracies. It is then easy 
to compute 

A = Co(u)Af (u) 2 M (F ) (2n) D - d S D - d ( Plx + k, + q,) (2vr)^^( P/ + k f + q f ) <-A|e^b) 
(-ia')t(p) t(q) [e„(fc)(p" - <f) + C/ (fc)(p-/ - q_ f ) - ie^Q^k] e^^o^M^ 

(4.18) 



where we have defined kf = k T £~ 1 Gvf = kf = k T £Q 1 Gvf and k c = k T £~ 1 Gv c ^ k c = 
k 1 £q 1 Gv c which are two possible ways of projecting the momentum ki (i = 1, . . . d) 
along the directions with Vf = and v c / 0. We also explicitly have —iejQ J v l ect ki = 
S c >o(l ~~ 2f c )(e c k- c — k c e_ c ). Moreover we have left not evaluated the quantum mechan- 
ical correlator (— \\e lkcX °\/j,) because its value depends whether we consider a D25/D25' 
system or a D25/Dp one since for any dimension less than 25 we gain a Wilson line and 
loose an infinite degeneracy if there is already a zero eigenvalue. Also t(p) and t(q) have a 
different dependence on parameters whether we consider D25/D25' or D25/Dp as discussed 
above. 

The previous amplitude can be computed without taking the limit using the correlator 

(A-^Od) dXJ(x 2 ,x 2 y k * x * (x ^ A„ A (x 3 )) = 

-id (2^{£^CvfYp.f - 2^{£^Cv f y q_ f + (£ Q l Cv c f fc_ c - iQ^kt) 

~ "'(9/9-/-P/P-/)+ A ( fc i) + l T. c>0 Ml-Vc)+a'(q f q_ f +p fP _ f )-A(ki)-l a'(-q f q_ f +p f p_ f )-A(k t )-l 

x 12 x 13 x 23 

e -^'E c >o« 2 K)fecfe-c (2Tr) dK 6 dK (q f + k f + p f ) <— A|e <fccas S| M ) (4.19) 

4.4 The stringy instantonic form factor 

It is now immediate to compute the form factor of D{— 1) seen from D3. Using the notation 
of ([5] we get 

4(p; w,w) = i (T 1 )^ nl, (W (r c f $ wi) e-* 3 * e" 21 " 2 ^ (4 . 20) 
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where ji = 0,1,2,3 and we have used £±. v= i{x) = — 21n(l + ^fx) so that R 2 {^) = 41n2. 
We have also used Fq = 0. It is interesting to notice that only for v = \ the Q vec t term 
vanishes. It then follows that an instanton cannot shrink to zero and that its profile is 

Since instantonic amplitudes on non compact space are dominated by the infrared behavior 
of the instanton it is then clear that such amplitudes essentially are the same as without 
the form factor. On the contrary the form factor can give relevant contributions when the 
space is compact and the size is not too large. 
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A. Conventions. 

We define: 

• WS metric signature: r] a p = (—,+); e 01 = —1 
Space-time metric signature: = (—,+,..., +); 

• Indices: Compact = 1, • • • d; non compact [i, v, ■ ■ ■ = 0, d + 1 . . . D; general 
M,N, ■■■ = 0, ...D; 

• WS coordinates: £± = r ± a and te = it 

z = e TE+ia , z = e TE ~ ia , (A.l) 

the variables z and z are defined respectively in the upper-half and in the lower-half 
complex plane since a £ [0, ir] 

• Given a couple of free bosons A 1 ' 2 = X-'- (which we identify with flat coordinates) 
we make the linear combinations 

Z = X = — (X 1 + iX 2 ) Z_ = X = Z} (A.2) 

Notice that in the main text we do not write the underline explicitly. 

• We define the following functions which are used in the definitions of "propagators" 
for < e < 1 



oo ^ 

g e (z) = g e {z) = - V z n - e \z\ < 1, \arg(z)\ < tt 

n — e 

n=l 

Sl-e(z) = gi-e(z) 
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• Background matrices: 



E — || Eij || — G + B 

£ = || Sij ||= E T + 2ira'q F = G + F (A.3) 

and 

F = 2ira'q F 

F = 2Tra'q F — B = F — B (A.4) 
For the dipole strings we can define 

s~ 1 = g- 1 -e (a.5) 

from which we deduce that 

£g- 1 £ T = £ T g~ 1 £ = G 
1 
2 

B. Details on the dicharged string quantization. 



6 = \ (£- T - £- r ) = -r x B£~ T (A.6) 



Using the product definition (2.20) and the eigenfunctions (2.19) we find the following basic 
products 

(Vna^mb) = ~«7T 5 ajfe <5 m , n (n + V a ) n + V a ,17l + V b ^0 

(*0e,*ma)=0 V e = Q,m + V a ^0 

(w,y ma ) = m + u a ^0 

(*0e, *0,/> = *4 ?n Vf V e , Vf = 

(w, foe) = KW* £n v e = 

(«;,u) = ~W ] AF U (B.l) 

where we have defined AF = F w — Fq and w,u are arbitrary constant vectors. The 
computation is almost straightforward when using the right tricks therefore we show a 
piece of it: 

*L(t>t) F n * mb (ir,T) = 

TT J- e -2i7r^ a pT tt i n „—2inv a 

_ ^_jm+n e i[(n+u a )-(m+v b )]T y \ c inu a 11 ± 13L J? n _ Ub 

TT -I- R-^ TT -I- T? 
_ (\m+n i[{n+v a )-{m+v b )]T f i7ri/ ^J2__ZL 7T e ~^6 

ci 2^2 
= (_j ra +„l e ,[(n + , a )-( ra+ n)]T w f e <T"a _ R^y-i^b Vb 

(B.2) 
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where we have used a certain number of times = RqR , we have rewritten J 7 ^ = 
G(I — i?7r)(I + R-k)^ 1 and used the definition of the eigenvalues v a in eq. (2.13) and the 
orthogonality relation for R in eq. (2.12). We can now define the quantities 

Ian = = -iir(n + v a ) <\> a n n + v a ^0 

= ( £ ^Gv e , <&) = HI v e = (B.3) 

from which we can easily extract the coefficients </>^. The analogous expressions for (f> 1 give 

I e = (* 0e , *) = -7r v\ [e v (f) + TT T v Vf v e = 

U- 1 ^ = ^ G V " ^ = ~ v c G ^ A ^ <t> (B.4) 

from which it is possible in principle to recover the 4> l coefficients since the equations in the 
last two lines are as many as the components of <fi l and are independent and are therefore 
sufficient but the result is rather not instructive. In order to compute the commutation 
relation we resort therefore to the trick of computing the commutation relations among the 
previous quantities (2.22, 2.23) when we take <I> = X and then extract those among the x l . 

Using the canonical commutation relations (2.24) the commutation relations among 
the previous defined quantities (B.3, B.4) when <3? = X are 

[Ina , Imb] =2vr 2 'a ' (n + V a )5 a ,b$m,n 

[I e ,//]=- i2n 3 a' v\ T n v} 
[I e , I w ] = - i2n 2 a v\ £ w w* 

[I w , I u ]=- i2na' u> f AT u* (B.5) 

from which we can deduce the commutation relations for the string operators written in 
the main text. 



C. Analytic properties of the twisted propagator. 

From the normal ordering it turns out natural to define the following function which are 
used in the definitions of "propagators" for < e < 1 

oo ^ 

g e (z) = - —T~ zH ~ € \z\ <l,-n <arg{z) <n (C.l) 

n=l 

We will also use the following more compact notation for — 1 < e < 1 

m = { 9e{z \ 0<e<1 (c.2) 

yeV 1 \ g 1+£ (z) -1< e < V ; 

The reason of the range of arg(z) is that we put a cut along the negative real axis. The 
previous function can be defined on all sheets as 

oo 1 

g es (z) = -^2 z n ~ e \z\ < + 2ns <arg(z) <n + 2irs (C.3) 



n — e 

n=l 
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Its analytic continuation to the whole complex plane but the negative real axis and x > 1 
part of the real one can be given by the following integral representation which trivially 
reduces to the previous series in the \z\ < 1 domain 

f\ z \ r -e p i(l-e)<t> 

9eA*) = -J dx l-e^x ^ = M^eC-{x<0,x>l} (C.4) 

= (C - 5) 

where the path 7 is the straight line from t = to t = z. The cut along x > 1 is because 
of the logarithmic singularity at z = 1 which is due to the integrand pole at t = 1. 
Given the previous definition it is then easy to see that 

f+00 -(l-e) e i(l-e)ct> /j\ /j\ 

9eA z ) = / d y J7h + 9i-e-s - = C €)S {arg z) + gi- e - s - (C.6) 



e L v — y \z J \ z 

As it is usual in complex analysis we consider the auxiliary integral J dw e ™ +w and then 
we can easily compute the constant entering the previous relation to be 

C, ,(ar S ,) = «~f- = { *T *" < * < ' + (C7, 
' Jo "e'*-!/ I^e- 2 ™ -» + 2, rs <^<2 Irs 1 ' 

The previous expression satisfies the following properties 

Ci- e - s (arg l/z) = -C tyS {arg z), [C 6:S (arg z)]* = C e - S (arg z*), (C.8) 

which can be derived as consistency conditions from eq. (C.6) and verified directly on 
the expression (C.7). It is then immediate to write the corresponding property for the g 
function: 

m*> = <u«» .) + 0) . 6,j a r S ,) . { si::i*:; xv*^ 

It is also useful to compare the behavior of <7 e (.z) with that of the usual untwisted 
propagator go(z) = log(l — z), then we get for rj > 

g £ , s (l-r)) = \ogr)+ C " tft = log n+^l-e)-^l)+e V +^^-r, 2 +0( V 3 ) (CIO) 

where we used the fact that ip = — can be expressed as 

°° z Z" 1 1 - f 2 

^{l + z ) = - 1 + Y^— —- = -!+ dt—— (C.ll) 
^-f n(n + z) y 1 - 1 

with 7 the Euler-Mascheroni constant. We record here a useful 7 property which we use 
in the computations 

- z) = ip(z) + ir cot irz (C12) 

so that taking e = v a we get 

A (l) - A_ a (l) = 7T COt TTU a (C.13) 
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D. Dipole open string conventions 
D.l Real formalism 

On the magnetic background Fo = F n the open dipole string field expansion is given by 

X i (z,z) = l(xi(z)+X i R (z)) (D.l) 
where z = e TE+ia G EI (0 < a < ir) and 

xi(z) = {G-'ey^i^ + yi 

i v3 

where we have defined the following quantities as in eq. (2.7) 



XUz) = (G- 1 £ T ))X>(-z)-y* (D.2) 



Fij — —Bij + Fij (D.3) 

£%j — Grij "i~ — ^*ij Bij ~\~ F^j (D.4) 

and the open string metric given by 

Qij = Gij - F ik G kh F h j = £j k G kh £ h j (D.5) 

along with the non commutativity parameter as 

(S-yj = (g-yj - . (D.6) 

Moreover we have also defined the fields X l L ^ and X l R ^ which have the usual field ex- 
pansion 

Xi {0) (z) = x i - 2a' f iln(z) + iv 7 ^ 7 ^ S -^^-a i n z~ n 



X R(0) (z) = x l - 2a 'f i ln(z) + i^2d ^ (D.7) 

but have a different set of commutation relations since the metric G is replaced by the open 
string metric Q and the zero modes have a non trivial commutation relation, explicitly 

[x\ x j ] = i 2na' @ ij [x\f] = %Q %3 [a^, a{] = Q ij sgn{m) 5 n+mfi . (D.8) 

The previous expansion (D.7) looks as the usual one because we have used x l with non 
vanishing commutator and not x l defined as x l = Xq — 7ra'Q d Qi m p m with the usual com- 
mutator 

[4,4] = (D.9) 

Finally = \fa'G l ^Qj are constants and proportional to the Wilson lines 9 on the brane 
at a = ([31], [32], [29] and [16] ). Notice the y l do not enter the expansion of X(z, z) 
and therefore they do enter the open string vertexes but they do enter the closed string 
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vertexes in the open string formalism where they are necessary to reproduce from the open 
string side the phases in the boundary state due to Wilson lines or positions. 
On this background the dipole string Hamiltonian is then given by 



H o -l = L = olCTk^K + clpQitf + J2 nG^a^a v n + n^aJX (D.10) 

n=l 

In the non compact case the vacuum is defined 

ojjO) = p*|0) = 0, n>0 (D.ll) 

so that the basic OPE reads 

X { - )i (z)X { L +)j (w) = -2a'G ij log(z - w)+ : X { ~ ) \z)X^ )j (w) : 

= -2a 1 (log(z) + 90 (™)) + . . . (D.12) 

D.2 Complex formalism in two dimensions. 

We consider R 2 on which we write the background matrices in flat coordinates as 

£ = G-B + F=^j^j, f = f — b (D.13) 
from which we derive the open string background 



g - = TTf ( l) =cos2712 ' @ = f _° f 5 ) = cos 7sm7e 2 (D.14) 



where we have defined the angle 7 as 



1 + if IT 7T 

e «7 = _^ ==>f = tan 7 , "^<7<^ (D.15) 

If we define the complex fields 

Z(z,z) = {X}(z,z) + iX 2 (z,z)) = \{Z L {z) + Z R {z)) (D.16) 

the boundary conditions become 

£ + if_Z\ a=0 = 0, Z! + if_Z\ a=7T = 0. (D.17) 
or in the worldsheet Wick rotated version 



e +il dZ\ x = e'^dZ\ x xGR + 
e +i ^dZ\ y = e-^dZ\ y y = \y\e™ £ 
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The fields expansions for Z_ read 

—L = (1 *f)lz,(o) + = e~ n iZ L( o) + 

(oo f \ 

Zlr = (1 + *f)^R(o) - u>o = e +i7 ^ R( o) - 



-n 



oo f \ 

z G - 2a' p i \n(z) + iV2rt V +%z" n - -^z n - w (D.18) 
where we have introduced Z_l(o) = + f 2 ^L(o) an d f° r their complex conjugates Z = 

JL = (1 + *f)lz,(o) + = e +n l L(0) + u) 

= e +i7 [ In - 2q p i ln(z) + iV2c7 V -^z n + -%z~ n | + w 

2lr = (1 - ^)Ir(o) - «>o = e" n l i?(0 ) - 

I - 2a'p iln(z) + i\/2a 7 y^ -^z n + -%=z~ n | - tD (D.19) 
with commutation relations 

feo.lo] = 2lTa 'l 

K,a m ] = <Wn,0 sgn(m) (D.20) 
When we define as usual (n > 0) 

QL n = \^a n a_ n = ^/ng) n a = \/2a i p 
and similarly for the barred quantities, we can write the energy-momentum tensor as 

Tiz) = -—dZdZ = — l —dZ T dZ T = V ■ 
v ' a' 2a' ~ L ~ L ^ 

k 



.k+2 



with 



oo oo k 

Lk = z^gL a m+k + OL QLm+k +J2Qim "fc-m k>0 
m=l m=Q m=l 

oo oo |fc| 

Lk = Yl 4»+|k| ^m+Yl ^n+\k\ «m + «m «|fe|_ m * < 

m=l m=0 m=l 

oo oo 

L = a a + ^rn u m + ®L QLm 
m=l m=l 

oo 

= a'pp {^nQLn + «n«n) ( D - 21 ) 

n=l 
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The tachyonic vertex is then 

V T (x,k) = : e ikiXi ^ : A 
= . e **i*i ( o)W . A 

_ . e * cos l{ke.^2 L(0) (x)+ke- l ~< Z LW (x)) . ^ (D.22) 

where the normal ordering for the zero modes is the trivial one, i.e. : e tkiX% :=: e lfci:cl as 
suggested by the hermiticity of the vertex. The A are the hermitian Chan-Paton matrices. 
The previous tachyonic vertex has conformal dimension 

A(V T ) = a'g ij kikj = 2a' cos 2 7 k k (D.23) 

and OPE 

V T (x 1 ,k)V T (x 2 ,l) = eh W cos(27) ^-^\ Xl - x 2 ) 2a ' cos2 ~ / :VtV t : 



(D.24) 

which must be reproduced by the corresponding emission vertex from the dicharged string. 
E. Dicharged string on M 2 in complex formalism. 

For dicharged strings on IR 2 it is natural to work in complex formalism which we use in 
section 3.1. Here we state our normalizations and conventions in this formalism. Using 
flat coordinates the boundary conditions are 

Zl + *f (0 )^=o = 0, Z! + if_ {n) Z\ a=n = (E.l) 

or in the worldsheet Wick rotated version 

e^°dZ\ x = e-^°dZ\ x x G R + (E.2) 
e +i ^dZ\ y = e- irr *dZ\y y = \y\e in G R~ (E.3) 

where we have defined as for the dipole string 



1 + iL 

e ll0 = ^_^ ^f=tan 7o 
^+1 



1 + if 

= k ^ 1 = t an 7w (E.4) 



y 'l + f 

It is then immediate to compute the 

R = ( cos 2 70j7r - sin 2 70j7r \ ^ ^ = / cos 2( 7o - 77r ) - sin 2( 7o - 7?r ) \ ^ 

— 0,7r lsin2 70)7r cos2 70)7r / — I sin 2( 7o - 7?r ) cos2( 7o - 77r ) / 
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so that we 



l> e = ,= ^^>0 



7T 



For the complex string fields 



Z(z,z) = \ (Z L (z) + Z R (z)) , Z(z,z) = \ (Z L (z) + Z R (z)) 



(E.6) 



(E.7) 



we have the following expansions 14 

oo 

Z L (z) = zlq + iv / 2o 7 ^ 



n=0 . 



\/n + 1 — e 

oo 



■n+l-e ^-(w+l-e) _ z +(n+e) 



n=0 



J 



■n+l-e --(n+l-e) _ ^-n+e -+(n+e) 



\Al + 1 — € 



(E.8) 



and 



Z L (z) =£lo + «v / 2o 7 ^ 



n=0 



gn+l-e g+ ( n +l-e) + ^n+E ^-(n+e) 



\Ai + 1 — e 



n=0 



Q-n+l-e _ + ( n+ l- e ) «m+e --(m+e) 

-y/n + 1 — e v / ^~+~e 



(E.9) 



with non vanishing commutation relations: 



K+l-e^L+l-el = *n,m n, m > 

[a n + e >ajn+J = <5 n , m n,m > 
27ra' 

|j±o>loJ = 7 ~5 

1(0) I(Tr) 



(E.10) 



The vacuum is the usual vacuum for the non zero modes and it is defined as 

a„ +e |0 e )=a n+1 _ e |0 e )=0 n>0 (E.ll) 

while for zero modes it is necessary to distinguish between the non compact case and the 
compact one. For the non compact case we define it as 



ar 1 |0 e ) = -> \k,e) = e- ik{f -o-U x2 \O t ) =0 



(E.12) 



which corresponds choosing p = x 1 /(2na') and x = — (f. Q . — f^)x 2 , as noticed in the 
main text the choice of x 1 ad destructor is arbitrary and we could have chosen any linear 
combination of x 1 and x 2 as well. 

The compact case is more subtle and it is discussed in a separate paper [22]. 



'Notice the redefinitions e 170 a^"" ! e = £n+i- e an d e %la 3in 



-i~IO Annual)] 



a„ +e for n > as in [33]. 
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The left-right split of zero modes can be parametrized as 

ZLo = (l + a)z + /3z + w , zrq = (1 - a)z - f3z -w , (E.13) 

and because of the constraints from the closed OPE the parameters can be fixed to a = fo 
and /3 = 0. 

Energy-momentum tensor is given by 

Te (z) = --■. dZdZ : -"-^ffi = - A : dZ L dZ L : -^f^- = V -fe (E.14) 

u a' 2z 2 2a' ~ L ~ L 2z 2 ^ z k + 2 v 1 

k 



with 

oo oo k 

^fc(e) = X/ ^m-e "m+fc-e + ^ QLm+e «m+A:+e + ^ «m-e QLk-m+e ^ > 
m=l m=0 m=l 

oo oo |fc| 

L k (e) = Yl 4n+\k\-e «m- £ + ^ «L+|fc|+ e + S ^ ^\k\-m+e k<0 

m=l m=0 m=l 

oo x i 

m=l m=0 

E.l OPEs. 

Various useful contractions are (\z\ > \w\): 

Z^ nzm \z)Z { -' nzm \w) = -2a'g e {w/z)+ : ■■■ : 
i + ' nZm) (^)lSi" ,B2m) ^) = -2a'e- 2 ^e(^)+ : ■■■ : 
z( +inH (^)lt"' nzra V) = -2a'e 2 ^g e (w/z)+ : ■■■ : 
^ + ' n2m) (z)l^' nzm) (7D) = -2a' : ■ ■ ■ : (E.16) 



and 



7=,(+,nzm) 1 \ r/(—,nzm), \ / ~ / / \ , 

( Z )^L («0 = -2a g-e(w/z)+ : ■■■ : 

{z)Z.r (w) = —2a e m g- e (w/z)+ : • • • : 

I< + ' nzm) (z)zt' nzm V) = -2a'e- 2 ^5-e(^)+ = ■■■ = 
i< + '" m) (z)2<-' n2m) (w) = -2c/£_ e (™/z)+ : • • • : (E.17) 



F. Details on the vertexes construction on M n and their consistency 

In this appendix we give some details of the computations needed to verify that the pro- 
posed vertexes and their generators do indeed satisfy all the desired properties. We first 
consider the problem in its full generality in one case by computing the OPE of two gen- 
erating vertexes for the emission of dipole states from the a = boundary of a dicharged 
string then we exam all the other properties in a simpler setting, i.e. we consider the 
tachyonic vertexes and feer(J 7 7r — Fq) =0 only. 
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F.l OPE of the generating vertexes 



The OPE of two vertexes which describe the emission of a dipole state from the dicharged 
string must have the same coefficients as the OPE of the corresponding emission vertexes 
from the dipole string therefore we start considering the OPE of two emission vertexes 
from a dipole string. We consider here the case of the emission from the a = boundary 
but we can obviously repeat the same procedure for the a = tt vertexes. 

More specifically we consider two generating vertexes for the emission of dipole strings 
from a dipole string and we compute the product of two such vertexes to be (x, y > 0) 



(F.l) 



then we expect that the corresponding OPE for the emission vertexes from a dicharged 
string to read 

S(c,x) S(d,y) = e »'^ e -2«T"H^^, a^ y G ( x ,y) s{{dk + y c jt -v) } y) 

r. (k — my. 

(F.2) 

since the OPE coefficients e Wc o ^ e ' 2a ' c l G_1 d ' d*d l y G (x, y ) mugt bg thg game when 
we map So into S. Notice that in the previous expressions we have taken the parameters 
{cfc} not to be constants but generic functions and that this does not change the fact that 
S(c, x) can be used as generating function for all vertexes. Moreover and more subtly we 
have expanded X^ nzm {x) around x = y but this expansion is convergent only for a subset 
of the circle \x\ = \y\ = 1 because Xinzm contains both positive and negative frequencies. 

Let us verify the previous equation explicitly. The product of two generating vertexes 
S reads 

oo 

S{c,x)S(d,y) =exp{-a' ^ c\E^ T Gv c v\GE^ x q d*\ u=x d% =x A c (u/v)} 

k,l=0 

oo 

exp{-a/ dl£ T Gv c v\GS^ d x 8% =y d% =y A c (u/v)} 

k,l=0 

oo j 

exp{-2a' ^ c\£^ T Gv a v\G£q X d t d% =x d*\ u=y g- Va {u/v)} exp{-CQ [x,x T ] d } 
k,l=0 

: exp£> + £ c J X ~^ }d k y X(y,y)} : (F.3) 

k m=0 ^ ' 

We then reexpress the last line using S({dk + Yl m =o c m ^ X (k- m )\ } ; v) an d we use the defi- 
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nition of A a so we find 

oo 

S(c,x) S(d,y) = exp| - a' ^ cl£^ T Gv c vIgSq 1 d t d% =x d^\ u=y [A c (v,u) - A_ c (it,u)]} 



ex P{^ c o k^ T ] d o} 



-2a 



k—m 



m=0 



(fc — m)! 



(F.4) 



Using the property of g- Va we see that we are left with 



= exp < — a'cQ £ Q T G v c v\ G£ 1 do 



C- Uc arg- - C arg- 



x 



y 



+ \ c l fc, xT ] d o 



- 2/) 



k—m 



ra=0 



(k — m)\ 



-hv) 



(F.5) 



which reproduces the desired OPE when we check that the zero modes contribution is the 
non commutative phase e lna ' c o 

This is exactly what we do now by rewriting the exponential as 



a 7 I X ^ d ° + a ' ^ °° £ ° GVc V c G£ ° Td ° 



C-u c ( arg- ) - C ( ar#- 



■ T 

ITTCq 



£ T 1 Gv f v^F^Vg v\G£^ t + £ w 1 Gv c v\£ n w Cl — w^Sq v d v\G£ n T 

Jc- 



1 i e -i2nu c 



(F.6) 



• T 
ITTC 



where we used the explicit expressions for C 
'£- l Gv } v\F v v g v\G£~ T 

-2£- l Gv c v%w c , wlG£^Gv d v\G£~ T + £ ~ 1 Gv d (1 + e~ l2 ^) v d G£ ~ T 

(F.7) 



+ 



1 

X _ e -i2nv d 



where we used j^w d £^v c = — l _ e -a 7rVc w d G£ Q 1 Gv c which can be derived from R definition 



■ T 
ITTCq 



£ n x Gv s v\F n v g v\G£ n T + - _ ^_. 2nud 



+2£- 1 Gv f v)£^ l Gv d v\G£~ t - 2£^Gv d v\G£~ t + £^G(1 + R)v d v\G£ 



do 
(F.8) 



where we have used the spectral representation for G 1 to write w ci w ci = G 1 — Wf 1 w^, 
then we used the orthogonality of G~ 1 £ 7T Wf € ker AR with v c and finally we used again 
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the spectral representation for G 1 to write v c v\ = G 1 — Vf 



— iirc 

x 



S- x Gv f vfav B v\G£- T + T 



-S^Gvf ^^(l - R)v d v\G£~ T + £^Gv c v\G(l - R)£^ T - S^G{\ - R)v c v\G£ Q 

(F.9) 

where we used £~ T — £q T = —5(1 — R)G~ 1 £q£q T in the second term of the second line 
and the orthogonality of Vf and v c to substitute £ 7T £q 1 — > AJ 7 £ ~ 1 = — ^£j(l — R) in the 
first term of the second line 



T 



■ T 
IITCq 

■ T 
ITTCq 



£- x Gv s v)T«v g v\G£~ T + £~ x Gv s v)^v d v\G£~ T + £^Gv c v\T Q £ Q T 
£ 1 J r o£o 



d 
(F.10) 



F.2 Consistency of the tachyonic vertexes 



Given the length of the previous computations we restrict ourselves to show that the desired 
constraints are satisfied by the tachyonic vertexes in the case fcer(J r 7r — Fo) = 0. 

F.2.1 Basic building blocks of the tachyonic vertexes and their properties 

We define now some basic build blocks of the tachyonic vertex operators and compute 
some properties which turn out to be useful in checking the wanted properties needed for 
defining a good CFT. We define therefore 



B (k) = e 



B L (k,z) = e ihXL ^ ml{ - z) 

B R (k,z) = e ik i X Rrizm l {z) _ e i(Rlk) x X Lnzm l (z) (F.ll) 

where in the last line we used the X boundary conditions. They have the following non 
trivial products (\z\ > \w\) 

B {k) Bq(1) = B (k + /)e~ w ^-^r^h 
B L (k,z) Bl(1,w) =: e ik ^ x Lnzm 1 {z)+ihX Lnzm 1 {w) . e 2a' E a fcT ^ vU 9-u a ,o(f) 
B R (k,z) B R (l,w) =: e^-Ro fc )i x i«™ i ( f )+ i ( R o Oi^i^mMw') . g 2a' J2 a kTR o v ^ vlR^l g_„ a , (f ) 
B L (k,z) B R (l,w) =: e ik ^ x L n z m \z)+i(Rf ) l) l x Lnzm l (w) . e 2a' £ a fc T u a vttigl g_„ a , s (&) (y.\2) 

where we have explicitly written the sheet on which g~ Va ,s is defined since — 2ir < arg(w/ z) < 
and we have defined the fundamental sheet s = by tt < arg(w/z) < ir so we can have 
s = 0,1. 
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Using the previous products it is not difficult to derive the following properties of the 
commutation / analytic continuation to the range \z\ < \w\ 

B (jfe) B (l) = B (l) B (k) e~ i2 ™' MO^-Fo)" 1 ]^ 
[B L (k,z) B L (l,w)] an , conL =B L (l,w) B L (k,z) exp{-2a' ^k a l- a ^—j*"° ar ^} 

( R 8(-arg(w/z)) \ ij 

= B L (l, w) B L (k, z) exp{-i4W k t — G l 3 ] 

( R \ ij 

[B L (k,z) B R (l,w)] ancont . = B R (l,w) B L (k,z) exp{-i4W k { [fZT^ ' 1 ) ( R o l )j} 

= B R (l,w) B L (k,z) expi+iina' (R^l)i ^^-L-G"^ kj} 

(F.13) 

where we have used the spectral decomposition for the matrix R given in eq. (2.16) and 
some attention to the range of arg{w/z) must be used to get the result. 

F.2.2 The tachyonic vertexes 

We are now in the position of writing the tachyonic vertexes for both the dipole and closed 
tachyons. The tachyonic emission vertex from the a = boundary reads 



= x -a'k^ kj e a'A c (l) k c k- c . e ih,X£( X ) ^ Bl( 1+3l Kx) A(q) (F14) 



(0) 

:/' 

"(0) 



where k c = v c £ Q Gk and we have written the last line to show why we talked of basic 
building blocks for the Bs. 

In a similar way we can write the explicit expressions for the emission of a dipole 
tachyon from the a = it boundary of the dicharged string in a compact way as 

V T (y,l) = \ y \' a ' l ^lj e "'A c (i) U-c e «i4 . .. e ^( !± # 2L )^L„ zm J (y) . A r 

= \y\~^h e a'A c (l) Ul-o • e ik»X£(y) Bo{k) Bh( l _±^ l y) A T } (Rlg) 

where l c = v\£~ T Gl and the Chan-Paton matrix is transposed because the color flows in 
the opposite direction with respect to the a = boundary. 

Finally we can write the explicit expressions for the emission of a closed string tachyon 
from the dicharged string including a cocycle e lna ' k L s kh (which was omitted in the main 
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text) as 



W Tc {z,z;k L ,k R ) = e i ™' k I SkL : e *3**.*£(*) : : jhWkW : 

z -a'k Li G^k Lj e a'A c (l) fc L ,«j fc i:l V_ c g^LiKG -1 ^)' . e ifc L iX LnOT '(2) . 
Z-a'kmGVkRj e a'A c (l) fe ffi (R ^) 1 k Rj (Rov- c y gifcfli[(G- 1 £j) i J -xj+»j] . e ife fi iX^^^z) 
=e i-Ka!klSk L . e iifc M X^(^) . . e iifc M X^(5) . 

^a'A^G*^ e a'A c (l) fcii «j fc^V c Bv{ZlG- X k L )B L (k L: z) 
--a'k m G^k Rj e a'A c (l) fe fll (R ^) 1 fc^ORo^' Bo^G^ka) B R (k R ,z) 

(F.16) 

where &l = /cr, we have split the zero modes xo into left xlo = G~ 1 £ n Xo and right 
^RO = G~ 1 £^xo ones and explicitly introduced the dependence of the "Wilson lines" (there 
are actually no Wilson lines in non compact spaces) writing uq. The splitting between left 
and right zero modes can be fixed by imposing that two F.16 have the correct OPE as we 
verify in section F.2.8, looking in particular to the z and z dependent c-numbers. 

We are now ready to verify the consistency conditions for these vertexes. 



F.2.3 The open string vertexes on the opposite boundaries commute 

The product of open string vertexes on the opposite boundaries reads 



.cont. 

exp{-i27ra' k T (F w - F^l} 

Fl 2 I-R 2 ; 



(F.17) 



where the contribution in the second line is from B and the one in the third from B^. We 
have not any contribution from Chan-Paton factors since they acts on two different color 
spaces. 

If we evaluate the different matrices in flat coordinates we get easily 



I + R _ I 
2 ~ I + Zo 

I + jg I 
2 ~I-Z* 



(F.18) 



and therefore it follows that the request is automatically satisfied. 
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F.2.4 The open string emission vertex from a = commutes with the closed 
string vertex 

The open string emission vertex from a = commutes with the closed string vertex: 
[V To (l,x) W Tc (k L ,k R ,z,z)] 

an.cont. — WT c (kL,kR, z, z) Vt (1,x) 

exp{-iW F^-Fo)- 1 ^^} 

V« 

exp{-iW ^/"l-V "^ 
expi-W I t 1+ ^ ^^ Rokn} (F.19) 

where the second line is due to zero modes, the third to the commutation of the open string 
vertex with the left moving part of the closed one, the fourth to the commutation with the 
right moving part. The terms l T . . . n automatically cancel while the other terms l T . . .m 



(F. - Fo)" 1 ^ - (F„ - F )-\-B) + i±^o ^g-i 1 " R « 



exp|— i2irvc/ l T 
= exp{-i2 7 rv / a 7 l T (F n - Fo) _1 (L T + F n ) m} 
are not present in the non compact case. 



I-R 



rn 



(F.20) 



F.2.5 The open string emission vertex from a = it commutes with the closed 
string vertex 

In a similar way the open string emission vertex from a = ir commutes with the closed 
string vertex: 

WrAhv) Wr c (fcL,fcfl,2,2)]an.cont. = ^T c (kL,k R ,z,z) V r ,(i,y) 

exp{-i2W l T (F n - F )- l U + *L m } 

Vet' 

exp{— iAxol ; T LlL^!E _ G^ 1 k L } 
Fl 2 I-R J 

expi-MW lT l+ 2 R \ R R G- 1 R k R } (F.21) 

where the second line is due to zero modes, the third to the commutation of the open string 
vertex with the left moving part of the closed one and the fourth to the commutation with 
the right moving part. The terms l T . . . n automatically cancel while the other type of 
terms l T . . .m gives 



exp < — i2irVc/ I 1 



i2vrvV I 1 



= exp|- 



"(4 - Fo)- 1 ^ - (F. - F,)-\-B) + ^^ g- 1 
{F V -F Q )-\L T + F Q )} m} 



I- iff 



rn 



(F.22) 



which again are not here for non compact case. 
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F.2.6 The product of two open string vertexes for the emission of dipole states 
from the a = boundary 

The product (OPE) of two dipole tachyons must give the same result when computed using 
the original vertexes or the emission vertexes from the dicharged string. We have already 
verified this property for all vertexes but it is worth to check it directly in a simple case. 
Therefore we first compute the product and then we consider its OPE at the leading order. 
The product reads 

V To (xi, k)V To (x2,l) = 

exp { - 2a' £ A a (l) [vlG^-k vl a G l -±^l 

a 

a 'k T gz}k a'i T g-h 
x exp | -ma' 

x exp { - 2a'2>„. M v\ G l -±^k vl a G^l} 
: B L (k,x 1 )B L (l,x 2 ) : 

x A (0) A (0 ) (F.23) 

where the first line is the x independent normalization factor, the terms between the first 
and the second product symbols are due to the x dependent normalization factor, the terms 
between the second and the third product symbols are due to the zero modes, the terms 
between the third and the fourth product symbols are due to the non-zero modes and the 
last line is due to Chan-Paton factor. This last line is exactly the same as for the product 
of two vertexes in the dipole string. 

In order to check the leading order of the OPE associated to the previous product we 
expand the "propagator" as 



ly) y) ^ ( ,(1H 0(, 2 -,,r 



(F.24) 



then we use the properties of A a to write the pure c-number phase associated with the 
terms k T . . . I as 

exp |-W* r [+(4 - For 1 + ^^l^ 1 ^] l } (F.25) 

Finally simplifying the previous phase using the Rs definitions we get the right leading 
order 

V To (xi, k)V To (x2,l) ~(xi - x 2 f a ' kTg ^ 1 e --^ T (^o+e (0) )z k + l) (R26) 
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without any constraint. 



F.2.7 The product of two open string vertexes for the emission of untwisted 
states from the a = ir boundary 

It can be verified exactly as for the a = case done in the previous section. 
F.2.8 The product of two closed string vertexes 

We consider finally the leading order of the product of two closed string tachyons 

W Tc (k L ,k R ,z,z) W Tc ( i l,Ir,w,w) ~ 

ex V {-i2ira'k T L Sl L }e^ k+l > k+l ^ 

x exp | - iira'kl^—j^G-HL - W/c^ jj^-^G'~ 1 i?^} 

exp { - 2a' ^2 A c {l)k T L Gv c l T L Gv^ c - 2a' A c (l)k T R R Q Gv c l T R R Q Gv_ c } 

c c 
e «'Ec A c(l)[ {k L +l L ) T Gv c (k L +l L ) T Gv- c + (k R +l R ) T R Gv c (k R +l R ) T R Gv- c ] 

x w 2a'klG-H L w -A(k L +l L ) ^2a'klG-H R ^-A(k R +l R ) 

x exp { - ma'{£lGk L ) T (F v - F^)- l (£^Gl L )] B (£^G(k L + l L )) 
exp { - ma'{£^Gk R ) T {F v - F Q )-\£«Gl R )} Bo(£ 7T G(k R + l R )) 
x exp ^2a'k T L G- l l L In (l - -) + 2a' Yj k L Gv c l T L Gv- c } 

B L (k L + l L ,w) 

x exp ^ah^G-Hn In (l - ™) + 2a' ^ A c (l) k^R Gv c l^R Gv_ c } 

c 

B R (k R + l R ,w) 

x exp { - i2ira'(£ 77 Gk R ) T (T 77 - F Q )-\£^Gl L ) - ^vra'fc^oj^G'- 1 ^} 

(F.27) 

where the first line is from the c-number cocycle, the terms between the first and the second 
product symbols are due to the z, z independent normalization factor, the terms between 
the second and the third product symbols are due to the z, z dependent normalization 
factor, the terms between the third and the fourth product symbols are due to the zero 
modes, the terms between the fourth and the fifth product symbols are due to the non-zero 
modes and depend on w, the terms between the fifth and the sixth product symbols are 
due to the non-zero modes with a w dependence. Finally the last line is the due to the 
commutation of the k R terms with the II ones. 

The previous equation can then be rewritten in a way which makes clear what con- 
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straints we get as 



W Tc (kL,k R ,z,z) W Tc (Il,Ir,w,w) ~ 
exp {— i2irak^SlL} 




x exp 



x (z — w) 



exp 



(F.28) 



We can now compare with the closed string OPEs which in the non compact case with 
= k R and II = Ir reads 



WT c {z,z,k L ,k R ) W Tc {iW,W,l L ,l R ) ~ 

(z - w) 2a ' k l G ~ llL (z - w) 2a ' k R G ~ llR W(w, w, k L + l L , k R + l R ) (F.29) 



from which we fix the matrix S which enters the cocycle to be S = G 1 . 
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